Abstract. A non-Riemannian quantity in Finsler geometry denoted by Σ is introduced deriving form the S-curvature. It has a close relation with the non-Riemannian quantity Ξ defined by Z. Shen. Some characterizations of C-projective vector field are presented in terms of Σ and Ξ. It is proved that the quantities Σ and Ξ are invariant for C-projectively transformations. It is also proved that n-dimensional Randers spaces with a C-projective algebra of maximum dimension n(n + 2) has vanishing Σ-curvature.
Introduction
The weak principle of equivalence in Physics define a projective structure on the configuration space. This is indeed a projective connection or an equivalence class of symmetric affine connections sharing the same geodesic curves. On the other hand, metric structures are crucial in mathematical modeling of physical problems. These metric structures should share the same geodesic curves and thus any two such metrics must be projectively equivalent in mathematical terms. RiemannFinsler metrics form an important class of such metric structures and are so far well-describing several actual phenomena. The projective Riemann-Finsler geometry is quite eccentric; Since Beltrami's theorem in Riemannian geometry is no longer valid in Finsler geometry, cf. [2] . The algebraic structure of the projective group and the projective algebra in Finsler spaces is thus far from their Riemannian counterparts. There are complex hierarchies in the projective group and algebra, i.e. some Lie sub-algebras of the projective algebra of Finsler spaces can be distinguished by preserving several nonRiemannian quantities. The usual Ricci tensor K jl (with respect to the Berwald connection) is not generally symmetric in the indices j and l. This fact may refuse the closeness property of the projective factor, i.e. P i|j = P j|i , where, " |i " denotes the horizontal derivative. A projective vector field is said to be C-projective if its projective factor P has the closeness property. In the recent works [3] the Lie algebras of C-projective vector fields are introduced. The well-known non-Riemannian curvature H-curvature is invariants of the algebras of C-projective vector fields. Given any Finsler metric F on an n-dimensional manifold M , consider the following three non-Riemannian quantities Ξ = Ξ i dx i , and H = H ij dx i ⊗ dx j and Σ = Σ ij dx i ⊗ dx j on the pullback tangent bundle π * T M : where S denotes the S-curvature and "." and "|" denote the vertical and horizontal covariant derivatives, respectively, with respect to the Berwald connection. The quantity Ξ was first introduced by Z.Shen in [9] . In fact, the above quantities do not depend to the choice of connection for performing horizontal derivatives and can be derived for the Finsler metric itself. Notice that the following implications are not hard to prove:
Here, we prove the following result: Theorem 1.1. Let (M, F = α + β) be a Randers space and V is a projective vector field V ∈ χ(M ). The following statements are equivalent:
Theorem 1.1 ensures that Ξ and Σ are C-projectively invariant quantities. On an n-dimensional Randers space (M, F = α + β), denote the algebra of projective and C-projective vector fields by p(M, F ) and cp(M, F ), respectively. Then, dim cp(M, F ) ≤ n(n + 2) as well as the projective algebra. However, the case of maximum dimension is also interesting: Theorem 1.2. Let (M, F = α + β) be a Randers space of dimension n ≥ 3. If the C-projective algebra cp(M, F ) takes the maximum (local) dimension n(n + 2), then, Ξ = 0, Σ = 0. Moreover, F is a projective metric of constant flag curvature.
The horizontal derivatives with respect to the Berwald connection D and the partial derivations ∂ ∂x i and ∂ ∂y i are denoted by |i and the subscripts x i and y i , respectively. Moreover, we deal with pure Randers metrics, i.e β = 0.
Preliminaries
Let M be a n-dimensional C ∞ connected manifold. The tangent space of M at x ∈ M is denoted by T x M and the tangent manifold of M is the disjoint union of tangent spaces T M := x∈M T x M . Every element of T M is a pair (x, y) where x ∈ M and y ∈ T x M . Denote the slit tangent manifold by T M 0 = T M \ {o}, where, o denotes the zero section of the tangent bundle.. The natural projection π : T M → M given by π(x, y) := x makes T M a vector bundle of rank n over M and T M 0 a fiber bundle over M with fiber type 
∂ ∂y i , where G i (x, y) are local functions on T M 0 given by
Assume the following conventions:
The local functions G i j are coefficients of a connection in the pullback bundle π * T M −→ M which is called the Berwald connection denoted by D. Recall that for instance, the derivatives of a vector field V and a 2-covariant tensor T = T ij dx i ⊗dx j is given by:
where,
The S-curvature with respect to the Busemann-Hausdorff volume form is denoted by S and is defined by
Given any Randers space (M, F = α + β), the S-curvature takes the following form:
where, ρ = ln( 1 − β x 2 α ) and ρ 0 = y i c x i . We may consider several quantities using the S-curvature. The Ξ-, Σ and H curvatures are denoted by Ξ and Σ and H respectively, and are defined at every point x ∈ M by
Although the S-curvature depends to the chosen volume form, following (2.2) and (2.1), it results that Ξ, Σ and H are independent from choosing any volume form for the S-curvature; For example, we may see it for Σ below: By the definition of the S-curvature S = Π − y m ∂ ∂x m ln σ F , we have:
which follows
. This is a non-Riemannian quantity of order 1 and satisfies Σ ij = −Σ ji and y i Σ ij = 0. There are a fine relation between the above three quantities given below:
A Finsler space is said to be of isotropic S-curvature if there is a function c = c(x) defined on M such that S = (n + 1)c(x)F . It is called a Finsler space of constant S-curvature once c is a constant. Every Berwald space is of vanishing S-curvature [8] .
Let (M, α) be a Riemannian space and β = b i (x)y i be a 1-form defined on M such that β x α := sup y∈TxM β(y)/α(y) < 1. The Finsler metric F = α + β is called a Randers metric on a manifold M . Denote the geodesic spray coefficients of α and F by the notations G i α and G i , respectively and the Levi-Civita connection of
denote the Levi-Civita connection forms and ∇ denotes its associated covariant derivation of α. Recall the conventional standard notations for Randers metrics given by r ij :=
where e 00 := e ij y i y j , s 0 := s i y i , s i 0 := s i j y j and G i α denote the geodesic coefficients of α, see [8] . It is well-known that a Randers metric F is of isotropic S-curvature S = (n + 1)c(x)F if and only if e 00 = 2c(x)(α 2 − β 2 ); see [?] . Therefore, for a Randers metric of isotropic S-curvature the spray coefficients G i are of the form (2.9)
Notice that, due to (2.3)the coefficients G i can be written in terms the S-curvature as follows:
The Riemann curvature tensor is defined by
is called the Riemann curvature [8] . The BerwaldRiemann curvature tensor K i jkl is defined by
The Ricci scalar is denoted by Ric it is defined by Ric :
C-projective vector fields on Finsler spaces
Every vector field V on a manifold M induces naturally an infinitesimal coordinate transformations on T M given by (
This leads us to consider the notion of the complete liftV (see for example [10] ) of V to a vector field on T M 0 given by
It is a notable remark on the Lie derivative computations that, LV y i = 0, LV dx i = 0 and the differential operators LV , ∂ ∂x i , exterior differential operator d and ∂ ∂y i commute. The vector field V is called a projective vector field, if there is a function P (called the projective factor) on T M 0 such that LV G i = P y i , cf. [1] . In this case, given any appropriate t, the local flow {φ t } associated to V is projective transformation. If V is a projective vector field, then we have the following identities (cf. [1, 3] ):
where, P i = P .i and P ij = P i.j , etc. A projective vector field is said to be affine if P = 0. It is well-know that every Killing vector field is affine. Recall that, given any projective vector field V on a Riemannian spaces, the projective factor P = P (x, y) is linear with respect to y and also it is the natural lift of a closed 1-form on M to a function on T M 0 , while in the Finslerian setting these issues are non-Riemannian features. Consider the following conventional definitions of a projective vector field V ; V is said to be (cf. [6, 7] )
• special if LV E = 0, or equivalently,
The projective factor P for a projective vector field V on a Riemannian manifold is simultaneously a special and a C-projective vector field. It is well-known that, every projective vector field on a weakly Berwald space (i.e. E = 0 is special and every special projective vector field on a Randers space of constant non-zero S-curvature is C-projective, cf. [6, 7] There are several projectively invariant tensors in Finsler geometry such as the
. The tensors D, W and W are defined as follow:
where,K jk = nK jk + K kj + y r K kr.j . Notice that, Akbar-Zadeh has already introduced a tensor which is just invariant by a sub-group of projective transformations, not all of them [1] . In fact, this is a non-Riemannian generalization of Weyl's curvature. It is denoted by * W i jkl and is defined by:
The quantities W , W and * W are invariant objects in the following invoice: • W is invariant under every projective vector field, • W is invariant under every C-projective vector field,
• * W is invariant under every special projective vector field. The projective vector field are variously characterized in many contexts such as [1] . Some characterization of projective vector fields in a Randers space (M, F = α + β) are give by in terms of α and β as follows: Given any vector field V on a Riemannian space (M, α), let us define t 00 = LV α 2 . The following result describes all special projective vector fields on a Randers space of isotropic S-curvature; The case of constant S-curvature has already been proved in [6, 7] . Theorem 3.4. Let (M, F = α + β) be a Randers space of isotropic S-curvature S = (n + 1)c(x)F . A vector field V ∈ χ(M ) is special projective if and only if there is a 1-form P = P i (x)dx i on M such that:
Proof. Let (M, F = α + β) is a Randers space of isotropic curvature S = (n + 1)c(x)F . Following Theorem 4.1, V is a special projective vector field on M iff we have LV G i = P (x, y)y i and LV (αs i 0 ) = 0, where, P is a 1-form on M . The geodesic spray coefficients G i are given by (2.9); Hence, it follows:
Let us assume t ij := LV a ij and V.c := LV c; Thus, α 2 = a ij (x)y i y j and t 00 = LV α 2 and then LV α = t00 2α . Now (4.3) is equivalent to the following equation:
It is clear that that terms (α 2 − β 2 ) and c(x)LV β and LV s 0 are polynomial with degree 2, 1 and 1, respectively. Now, multiplying the two side of (4.4) by 2α and simplifying the terms, it results Rat i + αIrrat i = 0, (i = 1, ..., n), where,
Therefore, V is a special projective vector field if and only if Rat i = 0 and Irrat i = 0 and theorem is proved. ✷ Let us suppose that V is a projective vector field on a Randers space (M, F = α + β. Therefore, LV G i = P y i and LV G i α = ηy i , where, P and η denote the projective factors for F and α, respectively. Now, by (2.10) and Remark 4.3, we have
Remark 3.5. The projective factor for every projective vector field V on a Randers space (M, F = α + β) is given by P = η + LV S n+1 + ρ 0 , where, P and η denote the projective factors for F and α, respectively.
Notice that, LV y i = 0, LV dx i = 0 and the differential operators LV , 
. In this case, given any appropriate t, the local flow {φ t } associated to V is projective transformation. If V is a projective vector field, then we have the following identities (cf. [1, 3] ):
The projective factor P for a projective vector field V on a Riemannian manifold is simultaneously a special and a C-projective vector field. It is well-known that, every projective vector field on a weakly Berwald space (i.e. E = 0 is special and every special projective vector field on a Randers space of constant non-zero S-curvature is C-projective, cf. [6, 7] There are several projectively invariant tensors in Finsler geometry such as the [3] . The tensors D, W and W are defined as follow:
The quantities W , W and * W are invariant objects in the following invoice: : (i) W is invariant under every projective vector field, : (ii) W is invariant under every C-projective vector field, : (iii) * W is invariant under every special projective vector field. The projective vector field are variously characterized in many contexts such as [1] . Some characterization of projective vector fields in a Randers space (M, F = α + β) are give by in terms of α and β as follows: The following result describes all special projective vector fields on a Randers space of isotropic S-curvature; The case of constant S-curvature has already been proved in [6, 7] . 
Remark 4.5. The projective factor for every projective vector field V on a Randers space (M, F = α + β) is given by P = η + LV S n+1 + ρ 0 , where, P and η denote the projective factors for F and α, respectively.
The C-projective algebra (namely the algebra of C-projective vector fields) denoted by cp(M, F ) on any n-dimensional Finsler space (M, F ) is a sub-algebra of the projective algebra (namely the algebra of all projective vector fields) denoted by p(M, F ) and thus, dim cp(M, F ) ≤ dim p(M, F ) ≤ n(n + 2). The case of maximum dimension n(n + 2) is known on Randers paces by the following result: Theorem 4.6. (Rafie-Rad and Rezaei, [5] ) A Randers metric F = α + β on a manifold M of dimension n, (n ≥ 3) is projective if and only if p(M, F ) has (locally) dimension n(n + 2).
Proof of main Theorems.
Proof of Theorem 1.1: Proof of implication (1) ⇒ (2): Let us suppose that V is a C-projective vector field, i.e. LV G i = P y i and P i|j = P j|i . By Remark 4.5, the projective factor P is given by P = η + LV S n+1 + ρ 0 , where, η is the projective factor for α; Recall that η is a closed form. Hence, it results that
On the other hand, following (4.3) and (4.3), the term LV S .i|j can be obtained as follows:
and finally we obtain
Now, due to closeness of η (i.e. η i|j = η j|i ) and V.ρ 
Proof of the implication (2) ⇒ (3): Let us suppose that LV Σ ij = 0. Derivation with respect to y k commutes with the Lie derivative operator; This yields LV Σ ij.k = 0. Due to (2.6), it follows
Plugging LV H jk = 0 in (2.7), we obtain LV Ξ j.k = 0 and finally, it results
Proof of the implication (3) ⇒ (1): Let us suppose that LV G i = P y i and LV Ξ i = 0.
By Remark 4.5, P = η + LV S n+1 + ρ 0 , where, η is the projective factor for α and is known to be closed. Now by (5.1) and (5.3) and the fact that y j Σ ij = −Ξ i , one may conclude
Recall Thus, y m P i|m − P |i = 0 and a derivation of the two sides with respect to y j yields P i|j − P ij|m y m − P j|i = 0. It follows that P i|j − P j|i = P ij|m y m . The left hand is anti-symmetric while the right hand is symmetric with respect to indices i and j. Thus, P i|j − P j|i = 0 and V is a C-projective vector field. ✷ Proof of Theorem 1.2: Suppose that the C-projective algebra cp(M, F ) has maximum dimension n(n + 2). It follows immediately that the whole projective algebra p(M, F ) has dimension n(n+2) and thus p(M, F ) = cp(M, F ). By Theorem 4.6, it follows that F is a projective metric; Equivalently, α has constant sectional curvature and s ij = 0. Notice that, in this case F and α are projectively equivalent. Now by Theorem 1.1, given any projective vector field V -which is now a C-projective vector field too-we have LV Σ ij = 0. In particular, every Killing vector field for α is also a projective for F (and also is C-projective). α has constant sectional curvature say k, hence, the algebra of Killing vectors of (M, α) has maximal dimension n(n + 1)/2. It is also well-known that the Killing vector field V is locally of the form 
